Abstract: Classical dynamics of a brane-like object in Riemann-Cartan geometry is obtained from the conservation law of its stress-energy and spin tensors. We apply the general world-sheet equations to the Nambu-Goto type of membrane with totally antisymmetric spin tensor parallel to the world-sheet. The resulting equations are recognized as the 3-dimensional analogue of the known 2-dimensional equations that describe string in the antisymmetric tensor field background. Thus obtained generalized Kalb-Ramond field is shown to coincide with the totally antisymmetric part of the spacetime torsion. In the second part of the paper, we apply this result to cylindrical membranes wrapped around the extra compact dimension of a (D + 1)-dimensional spacetime. In the narrow membrane limit, we reveal the effective string dynamics in D-dimensional spacetime. It turns out to coincide with the known dynamics of a string interacting with the Kalb-Ramond field. In our geometric picture, the Kalb-Ramond field is represented by the extra dimensional components of the spacetime torsion.
Introduction
The Nambu-Goto string action [1, 2] is in literature often modified to include interaction with the string background fields. Apart from the target-space metric g µν (x), the KalbRamond field B µν (x) and the dilaton field Φ(x) are considered [3, 4, 5, 6, 7, 8] . While the spacetime metric has obvious geometric interpretation the background fields B µν (x) and Φ(x) do not. The attempts have been made in literature to interpret B µν and Φ as originating from the background torsion and nonmetricity [9, 10, 11, 12, 13, 14, 15] . In particular, the field strength of the Kalb-Ramond field is commonly related to spacetime torsion, and the Kalb-Ramond field itself is referred to as the torsion potential.
The conventional geometric interpretation of the Kalb-Ramond field has recently been tested by studying classical dynamics of string-like objects in Riemann-Cartan backgrounds [16] . The idea has been to try and find the string type whose classical dynamics agrees with that of Refs. [3, 4, 5, 6, 7, 8] . Two major results are obtained. First, the nontrivial string-torsion coupling exists only if the string is made of spinning matter. Second, if the torsion is viewed as the Kalb-Ramond field strength, the known string coupling to the B µν field is ruled out, irrespectively of the choice of the string constituent matter. Thus, the usual interpretation of the Kalb-Ramond field as the torsion potential is not supported by the classical string dynamics in Riemann-Cartan spacetimes.
In this paper, we continue investigating the p-brane world-sheet equations in search for a plausible geometric interpretation of the Kalb-Ramond field. Our effort is motivated by the observation that problems encountered in treating strings in Riemann-Cartan spacetime are nicely solved if membranes are considered instead. In particular, the nontrivial projection of the totally antisymmetric spin tensor on the p-brane world-sheet is shown to exist only if p ≥ 2. This form of spin tensor proves to be the basic ingredient in the derivation of the desired torsion coupling. We apply the p-brane equations of Ref. [16] to the Nambu-Goto type of a membrane with totally antisymmetric spin tensor parallel to the world-sheet. As a result, the 3-dimensional analogue of the known string dynamics is obtained. Precisely, the membrane world-sheet equations and boundary conditions are shown to follow from the 3-dimensional σ-model action of Ref. [17] . There, the third-rank totally antisymmetric tensor B µνρ plays the role of the generalized Kalb-Ramond field. In our setting, it is shown to coincide with the totally antisymmetric part of the background torsion.
The effective string dynamics is obtained in the narrow membrane limit. We consider cylindrical membranes wrapped around the extra compact dimension of a (D + 1)-dimensional spacetime, and perform a D + 1 → D dimensional reduction [17] . As a result, the σ-model action of Refs. [3, 4, 5, 6, 7, 8] is revealed. The Kalb-Ramond background field B µν is seen to originate from the extra dimensional components of the spacetime torsion. Thus, the B µν field cannot be interpreted as the torsion potential even if the string is viewed as a narrow membrane.
The layout of the paper is as follows. In section 2, we review the basic notions of the multipole formalism developed in Refs. [18, 19, 16] . One starts with the covariant conservation law of the stress-energy and spin tensors of matter fields, and analyzes it under the assumption that matter is localized to resemble a brane. In the lowest, single-pole approximation, the moving matter is viewed as an infinitely thin brane. In the pole-dipole approximation, its nonzero thickness is taken into account. The manifestly covariant worldsheet equations and boundary conditions are explicitly displayed. In section 3, the p = 2 brane is investigated. The free coefficients of the theory are chosen to define a Nambu-Goto membrane with totally antisymmetric spin tensor parallel to the world-sheet. The membrane dynamics is shown to be the 3-dimensional analogue of the string dynamics of Refs. [3, 4, 5, 6, 7, 8] . The generalized Kalb-Ramond field B µνρ that thus appears coincides with the totally antisymmetric part of the spacetime torsion. In section 4, a narrow membrane wrapped around the extra compact dimension of a (D + 1)-dimensional spacetime is considered. An effective string dynamics is revealed in the limit of the small extra dimension. The Kalb-Ramond field B µν is shown to originate from the extra dimensional components of the background torsion. Section 5 is devoted to concluding remarks.
Our conventions are the same as in Ref. [19] . Greek indices µ, ν, . . . are the spacetime indices, and run over 0, 1, . . . , D − 1. Latin indices a, b, . . . are the world-sheet indices and run over 0, 1, . . . , p. Latin indices i, j, . . . refer to the world-sheet boundary and take values 0, 1, . . . , p − 1. The coordinates of spacetime, world-sheet and world-sheet boundary are denoted x µ , ξ a and λ i respectively. The spacetime metric is denoted by g µν (x), and the induced world-sheet metric by γ ab (ξ). The signature convention is defined by diag(−, +, . . . , +), and the indices are raised using the inverse metrics g µν and γ ab .
Multipole formalism
It has been shown in Refs. [18, 19] that an exponentially decreasing function can be expanded as a series of δ-function derivatives. For example, a tensor-valued function F µν (x), well localized around the p + 1-dimensional surface M in D-dimensional spacetime, can be decomposed in a manifestly covariant way as
The surface M is defined by the equation x µ = z µ (ξ), where ξ a are the surface coordinates, and the coefficients M µν (ξ), M µνρ (ξ), . . . are spacetime tensors called multipole coefficients. Here, and throughout the paper, we make use of the surface coordinate vectors
and the surface induced metric tensor
The induced metric is assumed to be nondegenerate, γ ≡ det(γ ab ) = 0, and of Minkowski signature. The same holds for the target space metric g µν (x) and its determinant g(x).
The covariant derivative ∇ ρ is defined by the Levi-Civita connection. It has been shown in Ref. [19] that one may truncate the series in a covariant way in order to approximate the description of matter. Truncation after the leading term is called single-pole approximation, truncation after the second term is called pole-dipole approximation. In the single-pole approximation, one assumes that the brane has no thickness, which means that matter is localized on a surface. All higher approximations, including pole-dipole, allow for a nonzero thickness, and thus, for the transverse internal motion.
The decomposition (2.1) is particularly useful for the description of brane-like objects in spacetimes of general geometry. In Ref. [16] , the pole-dipole approximation has been used to model the fundamental matter currents -stress-energy tensor τ µ ν , and spin tensor σ λ µν . The brane dynamics in Riemann-Cartan backgrounds is obtained from the covariant conservation laws
Here, D ν is the covariant derivative with the nonsymmetric connection Γ λ µν , which acts on a vector v µ according to the rule
The torsion T λ µν and curvature R µ νρσ are defined in the standard way:
The covariant derivative D ν is assumed to satisfy the metricity condition D λ g µν = 0. As a consequence, the connection Γ λ µν is split into the Levi-Civita connection λ µν and the contorsion K λ µν :
The curvature tensor can then be rewritten in terms of the Riemann curvature R µ νρσ ≡ R µ νρσ (Γ → {}), and the Riemannian covariant derivative
Given the system of conservation equations (2.2), one finds that the second one has no dynamical content. Indeed, the antisymmetric part of the stress-energy tensor is completely determined by the spin tensor. One can use (2.2b) to eliminate τ [µν] from (2.2a), and thus obtain the conservation equations in which only τ (µν) and σ λµν appear. The resulting equation has the form
where θ µν = θ νµ stands for the generalized Belinfante tensor:
The independent variables θ µν and σ µνρ are in 1-1 correspondence with the original variables. The conservation law in the form (2.3) is the starting point for the derivation of brane world-sheet equations.
In this paper, we are interested in infinitely thin branes, and therefore, restrict our analysis to the single-pole approximation. The multipole expansion of our basic variables then reads:
where B µν (ξ) and C λµν (ξ) are the corresponding multipole coefficients. The decomposition (2.5) is used as an ansatz for solving the conservation equations (2.3). This has already been done in Ref. [16] , resulting in manifestly covariant p-brane world-sheet equations.
In the next section, the general result of Ref. [16] is applied to the p = 2 case. In particular, the Nambu-Goto type of membrane with totally antisymmetric spin tensor parallel to the world-sheet is thoroughly examined.
Membrane dynamics
In this section, the stress-energy and spin tensor conservation equations (2.3) are solved in the single-pole approximation. The general brane world-sheet equations and boundary conditions are applied to the membrane case.
Preliminaries
The p-brane world-sheet equations in the single-pole approximation are obtained in the following way. We insert the ansatz (2.5) into the conservation equations (2.3), and solve for the unknown variables z µ (ξ), B µν (ξ) and C λµν (ξ). The algorithm for solving this type of equation has been discussed in detail in Refs. [19, 16] , and here we use the ready-made result. According to [16] , the single-pole world-sheet equations are given by
while the boundary conditions have the form
Here,
is the orthogonal world-sheet projector, n a is the unit boundary normal, and ∇ a stands for the total covariant derivative that acts on both types of indices:
The coefficients m ab (ξ) and C λµν (ξ) are the residual free parameters of the theory. While m ab represents the effective stress-energy tensor of the brane, the C λµν currents are related to its spin density. The shorthand notation
is introduced for convenience. The world-sheet equations (3.1) and boundary conditions (3.2) describe the dynamics of an infinitely thin p-brane in D-dimensional spacetime with curvature and torsion. By inspecting their form, we realize that only branes made of spinning matter can probe spacetime torsion. Moreover, if the torsion is totally antisymmetric, as suggested by the string theory [9, 10, 11, 12, 13, 14, 15] , only axial component of the spin tensor C λµν survives in the world-sheet equations. In this paper, we examine if axial spin tensors can possibly generate the desired coupling to the Kalb-Ramond field. We already know that it cannot be done with strings [16] . The reason for this is that the only candidate for the desired coupling turns out to be the projection of the axial C λµν on the world-sheet, and it identically vanishes if p = 1. In what follows, we shall turn to membranes (p = 2), and demonstrate how the choice of axial C λµν parallel to the world-sheet leads to the desired Kalb-Ramond coupling.
World-sheet equations
Let us consider an infinitely thin membrane with the spin tensor of the form
Here, e abc is the covariant Levi-Civita symbol, and s is a constant which measures the spin magnitude. It is immediately seen that this kind of spin tensor does not exist in the string case. There, the world-sheet is 2-dimensional, and the corresponding Levi-Civita tensor is a second rank tensor. In the membrane case, the world-sheet indices a, b, . . . take three values, exactly as needed for the construction of the spin-tensor (3.3).
Let us now apply the restriction (3.3) to the world-sheet equations (3.1). First, we calculate the D µν tensor, and find that it reduces to
It depends on the axial part of the contorsion
through its world-sheet projection
The precession equations (3.1a) are identically satisfied, and we are left with the world-sheet equations (3.1b) and boundary conditions (3.2). Now, we calculate the right-hand side of (3.1b), and find
and
With the help of (3.4) and (3.5), the world-sheet equations are rewritten as This means that Nambu-Goto matter is allowed as the constituent matter of our membrane. Indeed, by demandingm
where T is a constant commonly interpreted as the membrane tension, the condition (3.7) is automatically satisfied. At the same time, we obtain the world-sheet equations in their final form
Following the same procedure, the boundary conditions are rewritten as
The world-sheet equations (3.9) and the boundary conditions (3.10) govern the dynamics of a Nambu-Goto type of membrane with totally antisymmetric spin tensor parallel to the world-sheet. They have the same form as the equations obtained by varying the σ-model action
with respect to the independent variables x µ (ξ) and h ab (ξ) [17] . This action describes a membrane interacting with the generalized Kalb-Ramond field B µνρ (x), and is seen as a 3-dimensional analogue of the string action of Refs. [3, 4, 5, 6, 7, 8] . One can verify that it is indeed minimized by our equations (3.9) and (3.10), provided the identification
is made. Thus, the generalized Kalb-Ramond antisymmetric field B µνρ is recognized as the axial part of the spacetime torsion. In the next section, we shall demonstrate how the effective string dynamics is obtained in the narrow membrane limit. This way, the dimensionally reduced analogue of the equation (3.12) will be obtained, providing a geometric interpretation of the string axion B µν .
Dimensional reduction
The results of the preceding section are obtained under very general assumptions concerning the dimensionality and topology of spacetime and world-sheet. In what follows, we shall use this freedom to apply these results to a cylindrical membrane wrapped around the extra compact dimension of a (D + 1)-dimensional spacetime. In the limit of a narrow membrane, we expect to obtain the effective string dynamics of Refs. [3, 4, 5, 6, 7, 8] . In fact, this kind of double dimensional reduction has already been considered in Ref. [17] . There, the string effective action in 10 dimensions has been obtained from the membrane action in 11 dimensions. To complete our exposition, we shall describe a similar D +1 → D dimensional reduction, leading to the same expected results. Let us consider a (D + 1)-dimensional spacetime with one small compact dimension. It is parametrized by the coordinates X M (M = 0, 1, . . . , D), which we divide into the "observable" coordinates x µ (µ = 0, 1, . . . , D − 1), and the extra periodic coordinate y. In the limit of small extra dimension, we use the Kaluca-Klein ansatz
to model the contorsion and metric. This ansatz violates the (D + 1)-dimensional diffeomorphisms, leaving us with the coordinate transformations
In what follows, we shall use the decomposition
as it yields the variables that transform as tensors with respect to the residual D-diffeomorphisms. The same kind of argument applies to K M N L . We shall use a totally antisymmetric contorsion, and decompose it as
3)
The components k µν λ and b µν are tensors with respect to the residual diffeomorphisms. Now, we consider a membrane wrapped around the extra compact dimension y. Its worldsheet X M = Z M (ξ A ) is denoted by M 3 , and is chosen in the form
where the world-sheet coordinates ξ A (A = 0, 1, 2) are divided into ξ a (a = 0, 1) and ξ 2 . This ansatz reduces the reparametrizations
and the world-sheet tangent vectors
One can verify that u µ a ≡ ∂z µ /∂ξ a transforms as a tensor with respect to the residual spacetime and world-sheet diffeomorphisms. The induced metric Γ AB ≡ G M N U M A U N B is shown to satisfy the condition ∂ 2 Γ AB = 0. It is decomposed as In what follows, we shall refer to x µ = z µ (ξ a ) as the string world-sheet, and denote it by M 2 .
The membrane boundary ∂M 3 is given by ξ A = ζ A (λ i ), where λ i (i = 0, 1) are the boundary coordinates. In accordance with the ansatz (4.4), it is chosen in the form
The boundary tangent vectors V A i ≡ ∂ζ A /∂λ i and the boundary normal N A ≡ e ABC V B 0 V C 1 are thereby reduced to v a = ∂ζ a /∂λ 0 and n a = e ab v b , respectively. In what follows, we shall refer to ξ a = ζ a (λ 0 ) as the string boundary ∂M 2 . The membrane world-sheet equations of section 3 are now rewritten as
with
Using the Kaluca-Klein ansatz (4.1), (4.4) , and the decompositions (4.2), (4.3), (4.5) and (4.6), one finds the following. The M = y component of the world-sheet equations (4.8) is identically satisfied. The M = µ components become
Similarly, the M = y component of the boundary conditions
is identically satisfied, while M = µ components reduce to
The world-sheet equations (4.9) and boundary conditions (4.11) are exactly the same as obtained by varying the string action of Refs. [3, 4, 5, 6, 7, 8] . This action describes a string interacting with the background antisymmetric field B µν , and has the form
One can verify that it is indeed minimized by our equations (4.9) and (4.11), provided the identification
is made. Thus, the Kalb-Ramond antisymmetric field B µν is seen to originate from the higher dimensional spacetime torsion. Note that the geometric interpretation found in literature is not the same. There, the background field B µν has commonly been treated as a torsion potential, rather than the torsion itself. The authors of Refs. [9, 10, 11, 12, 13] studied the influence of the string background fields on the string dynamics, and succeeded in rewriting the world-sheet equations in geometric terms. In this setting, the field strength of the B µν field turned out to define the torsion part of the modified geometry. We must emphasize, however, that this new geometry is characterized by the presence of two connections, and does not belong to the class of Riemann-Cartan geometries considered in this paper.
In Refs. [14, 15] , a similar line of reasoning has been applied to the string low-energy effective action. This action governs the dynamics of the string background fields-the spacetime metric g µν , Kalb-Ramond field B µν and the dilaton Φ. It was shown that the field strength of the Kalb-Ramond field could be absorbed in the antisymmetric part of a new connection. In this approach, however, the derived torsion is free, in the sense that no string-torsion coupling is present.
In summary, the common geometric interpretation of the Kalb-Ramond field as a torsion potential is not supported by the classical string dynamics in Riemann-Cartan spacetimes. It has been demonstrated in [16] that the known string coupling to the B µν field cannot be obtained in backgrounds with totally antisymmetric torsion. In this paper, we have considered membranes instead. The desired string dynamics is obtained in the narrow membrane limit, but again, the induced B µν field fails to be interpreted as a torsion potential. It is rather seen as a part of the torsion itself.
Concluding remarks
In this paper, we have analyzed the behavior of classical membranes in Riemann-Cartan backgrounds. The membrane constituent matter is specified in terms of its stress-energy and spin tensors. In particular, the stress-energy is assumed to depend on the tension alone, and the spin tensor is chosen totally antisymmetric and parallel to the world-sheet. The idea behind these considerations is the search for a convincing geometric interpretation of the Kalb-Ramond field.
The method we use is a generalization of the Mathisson-Papapetrou method for pointlike matter [20, 21] . It has already been used in Refs. [18, 19, 16] for the study of strings and higher branes in Riemann-Cartan backgrounds. In this work, the general results of Ref. [16] have been applied to the Nambu-Goto type of a membrane with axial spin tensor parallel to the world-sheet. The effective string is seen as a narrow membrane wrapped around the extra spacetime dimension.
Our exposition is summarized as follows. In section 2, we have reviewed the basics of the multipole formalism developed in Refs. [18, 19, 16] . A manifestly covariant multipole expansion has been defined for an arbitrary exponentially decreasing function, and then applied to the stress-energy and spin tensors of localized matter. The dynamics is determined by the stress-energy and spin tensor covariant conservation laws.
In section 3, the conservation equations have been solved for an arbitrary infinitely thin p-brane. The resulting manifestly covariant world-sheet equations and boundary conditions have then been applied to the p = 2 case. The motivation comes from the observation that the needed world-sheet projection of the axial spin tensor vanishes if p = 1. This kind of spin tensor proved to be the basic ingredient in the derivation of the desired torsion coupling. Indeed, the obtained membrane dynamics has been verified to follow from the σ-model action of Ref. [17] . This action describes a membrane interacting with the generalized Kalb-Ramond field B µνλ . In our setting, the B µνλ field coincides with the axial part of the background torsion.
In section 4, we have considered cylindrical membranes wrapped around the extra compact dimension of a (D + 1)-dimensional spacetime. The effective string dynamics of Refs. [3, 4, 5, 6, 7, 8] is revealed in the narrow membrane limit. It is described by the action (4.12) in which B µν stands for the extra dimensional components of the spacetime torsion. As a consequence, the Kalb-Ramond antisymmetric field B µν is interpreted as the torsion itself, rather than the torsion potential.
To summarize, the geometric interpretation of the Kalb-Ramond field that we have obtained does not agree with the existing literature. The reason for this is that there are different ways to relate the B µν field to torsion, and they are often complementary to each other. While we treat strings coupled to fixed Riemann-Cartan backgrounds, some authors consider dynamical backgrounds with no string couplings [14, 15] , or employ non-RiemannCartan geometries [9, 10, 11, 12, 13] .
